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Abstract: This research deals with the efficiency comparison between AC and DC distribution
networks that can provide electricity to rural and urban areas from the point of view of grid
energy losses and greenhouse gas emissions impact. Configurations for medium- and low-voltage
networks are analyzed via optimal power flow analysis by adding voltage regulation and devices
capabilities sources in the mathematical formulation. Renewable energy resources such as wind and
photovoltaic are considered using typical daily generation curves. Batteries are formulated with a
linear representation taking into account operative bounds suggested by manufacturers. Numerical
results in two electrical networks with 0.24 kV and 12.66 kV (with radial and meshed configurations)
are performed with constant power loads at all the nodes. These simulations confirm that power
distribution with DC technology is more efficient regarding energy losses, voltage profiles and
greenhouse emissions than its AC counterpart. All the numerical results are tested in the General
Algebraic Modeling System widely known as GAMS.
Keywords: alternating current networks; direct current networks; optimal power flow; non-linear
optimization; control of power electronic converters
1. Introduction
1.1. General Context
Presently electrical distribution networks are essential systems in economic development around
the word [1,2]; these grids are also responsible for distributing energy from large-scale power systems to
all end users at medium and low voltage levels [3], which implies that in terms of size, the distribution
networks are the lengthiest infrastructure inside of the power system [4,5]. This is important since
higher losses can be presented at distribution networks in comparison to power systems (transmission
and sub-transmission networks), e.g., in the Colombian context, energy losses at distribution networks
can be between 6% and 18% while losses at transmission networks can be between 1% and 2% [6].
Recent advancements in power electronics, renewable energy, and energy storage technologies have
made distribution networks be focused on the current modernization of power systems. In this
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sense, three main tendencies can be identified as follows: (i) expanding the existing distribution
networks using conventional AC technologies considering AC–DC inverters to interface the distributed
energy resources [7]; (ii) Use of DC feeders to expand distribution networks taking the advantages
of renewables and batteries that can work directly under the DC paradigm [8]; (iii) design hybrid
distribution networks using AC and DC feeders taking the advantages of these technologies regarding
reliability and security in the network operation, particularly in the new microgrids environment [3].
To analyze these possible distribution network configurations, power flow and optimal power flow
models (steady-state analysis) appear to be essential tools in the literature [9]. These methods (convex
and heuristics) determine the state variable (voltage magnitudes and angles) for a particular load
condition being applicable to AC and DC networks with minimal changes [3].
1.2. Motivation
The analysis of electrical distribution networks from the point of view of power flow and optimal
power flow is a fundamental step to validate the efficiency of these grids regarding energy losses,
voltage profiles and conductor chargeability. In this sense, this research is motivated in the analysis of
electrical distribution networks using AC or DC technologies in order to identify their performance
regarding efficiency in terms of energy losses and greenhouse gas emissions, when it is selected one of
both technologies for distributed electricity at medium-voltage level [2].
1.3. Brief Literature Survey
Electrical distribution networks had been designed under the AC paradigm for decades [10,11];
however, presently multiple reports can be found where distribution networks are analyzed under the
DC paradigm, some of them are recompiled below.
The authors of [3] have presented an optimal power flow model for multi-terminal DC networks
in medium-voltage levels where the energy losses in power converters have been added with
quadratic constraints. These constraints allow the obtaining of an equivalent convex optimization
model easily solved with semidefinite programming. In Reference [12] an optimization model for
optimal phase-balancing in DC low-voltage distribution circuits with a bipolar configuration, which is
represented through a Mixed-Integer Non-Linear Programming (MINLP) multi-objective model,
has been presented. Numerical results demonstrated that phase-balancing reduces energy losses
significantly when compared to the benchmark case. The authors of [13] have proposed the optimal
location of photovoltaic sources in DC networks to minimize the total greenhouse gas emissions of CO2
in rural networks. The proposed optimization model has an MINLP structure and it was solved through
the General Algebraic Modeling System (GAMS) optimization software. In Reference [8,14] three
approaches for optimal operation of battery energy storage systems in DC networks using day-ahead
economic formulations, have been presented. The main idea of those works is the minimization of
the daily energy purchasing costs in slack nodes by using metaheuristic and convex optimization
methods with excellent results when these are compared to the benchmark cases. In Reference [15] a
convex optimization model added to a branch and bound approach to solve the problem of optimal
reconfiguration of DC networks, has been proposed. The main advantage of this approach is that the
global optimal solution is guaranteed via second-order cone optimization, applied to a study case using
real-time simulations. The authors in [16] have proposed a MINLP model for optimal location and
reallocation of battery energy storage systems in DC grids to reduce the daily energy losses and the total
energy purchasing costs in the conventional sources. Numerical results demonstrated that the location
of the batteries is dependent on the performance index used as the objective function, i.e., energy losses
or energy purchasing costs; in this sense, authors have demonstrated a multi-objective compromise
between both objectives. All the simulations were carried-out in the GAMS optimization package.
Regarding AC distribution networks multiple works related with power system planning and
operation have been proposed in scientific literature. Some of these works are: optimal reconfiguration
of distribution networks [17–19], optimal location of shunt capacitor banks and distributed
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generators [20–22], optimal selection of wire gauges in radial distribution networks [23–25],
optimal location and coordination of protective devices [26–28], optimal location and operation of
battery energy storage systems [7,14,29], and optimal planning of AC distribution networks including
new substations [5,30].
It is important to mention that for all aforementioned approaches regardless the operation
technology, i.e., AC or DC paradigms, the concepts of power flow and optimal power flow analyses
are essential to determine their operative conditions [31]. This clearly implies that these concepts
can be used to address both technologies and compare them regarding greenhouse gas emissions,
energy purchasing costs and grid energy losses as will be addressed in this contribution.
1.4. Contribution and Scope
The main contributions of this research can be summarized as follows:
X The comparison from the point of view of power flow and optimal power flow analyses of
AC and DC technologies energy distribution at medium-voltage levels, considering renewable
energies and battery energy storage systems under an economic dispatch environment.
X The derivation of the multiperiod power flow model for DC distribution networks from the
classical and well-known AC model by presenting the necessary simplifications, which are also
presented in a tutorial style for solution purposes through the general algebraic modeling system
(i.e., GAMS) optimization package.
X The use of power electronic converters to interface the DC power distribution system with AC
loads to provide the reactive power demanded by the load. This is made by using control
strategies that guarantees asymptotic stability during closed-loop operation taking advantage on
the passivity-based control design and the Hamiltonian model often found in power converters.
Additionally, the main considerations taken into account in the development of this work are:
(i) to make distribution AC and DC technologies it is supposed that all the loads in the AC grid operate
with unity power factor (only applicable for AC loads), (ii) in the case of loads connected in the DC
grid that require reactive power support (e.g., motors), these are interfaced via power inverters that can
provide this support without affecting the operative condition of the DC grid, and (iii) a low-voltage
grid operating with 240 V and 60 kW of load is considered to present the effect of the AC or DC
distribution network in residential applications, while a medium-voltage grid (12.66 kV) allows to
compare AC and DC technologies when considerable reactive power appear in loads.
Observe that this research is focused on the efficiency comparison between AC and DC grids
from the point of view of the distribution stage, i.e., when AC or DC technologies are used to transfer
power from conventional and renewable generators to loads and batteries; for this reason, we assume
that power losses in all the conversion stage are similar when these devices are interfaced in AC and
DC grids, which allows us to consider them as equals in both scenarios for comparison purposes in
the distribution layer.
Please note that we include ahead in this paper a section dedicated to the analysis of voltage
source converters since these devices are essential in the DC distribution paradigm [3]. We introduced
these devices with a classical passivity-based controller that operates these devices in the inversion
mode, i.e., these are used to provide AC power to three-phase loads assuming a constant voltage
source in the DC side [32]. However, these devices can also be used as the main sources when AC
conventional networks interface with DC distribution feeders [33].
1.5. Organization of the Document
The remainder of this document is rearranged as follows: Section 2 presents the complete
mathematical formulation of the multiperiod optimal power flow problem for AC grids as well
as the necessary simplifications to derive the equivalent DC model. Section 3 presents the main
characteristics of the GAMS software to solve non-linear non-convex optimization problems with a
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small test feeder composed by six nodes and five lines that operates with 240 V to to meet a total load
about 60 kW. Section 4 presents the integration of three-phase loads in DC networks using voltage
source converter interface. In addition, a general control design to guarantee sinusoidal voltage profile
in the AC load regardless the active and reactive power consumption via passivity-based control
methods is presented. Section 5 presents all the numerical information regarding the medium-voltage
distribution network analyzed, which is composed by 33 nodes, 32 lines and operates with a nominal
voltage of 12.66 kV. This system has four renewable generators (two photovoltaic-based generators
and two wind turbines), and three battery energy storage systems (note that these renewable sources
and battery energy storage systems are indeed composed by DC sub-networks interfaced with power
electronic converters to manage the power transferred (absorbed) to (from) the DC or AC distribution
networks). Section 6 presents all the numerical simulations on the 33-nodes test feeder considering
multiple simulation cases. Section 7 shows the main conclusions derived from this work as well as
some possible future works.
2. Mathematical Formulation
To compare electrical AC and DC distribution to provide electrical service in rural areas we
assume that all the power consumptions have unity power factor and the voltage profile for both
technologies is the same. The main characteristic of the proposed formulation is that the distribution
network lacks of a voltage controlled node, since the operation is governed by the best coordination
between renewable, batteries, and fossil fuels that guarantees the power supply to all the loads during
a daily operative scenario. Regarding possible objective function in rural isolated areas two operative
scenarios are considered: (i) minimization of the total grid energy losses, and (ii) minimization of the
greenhouse emissions by diesel generators. Both objective functions are formulated under an optimal
power flow environment.
In the case of the mathematical model of the battery energy storage systems we assume a linear
representation to facilitate the implementation in GAMS environment based on the simplified model
proposed in [34] which considers that in the conversion stage all the energy losses are neglected,
i.e., 100% of efficiency in all the power electronic interface [7,14]; nevertheless, if more accurate battery
models are required, then, references [35,36] can be consulted.
2.1. Optimal Power Flow Model in AC Grids
The Optimal power flow (OPF) problem in AC networks is a classical non-linear non-convex
optimization problem due to the presence of the active and reactive power balance equations.
Here, we consider OPF formulation presented in [7] to analyze distribution networks without constant
voltage suppliers. The complete formulation of the OPF problem for AC grids is presented below:
Objective Functions















δj,t − δi,t + θij
)
∆t, (1b)
where zacge and zacloss are the objective function values related to the amount of greenhouse emissions
and energy losses per day, respectively. Tgei represents the quantity of CO2 emitted to the atmosphere
in kgkWh by a diesel generator connected at node i, p
dg
i,t is the active power delivered by the diesel
generator connected at node i in the period of time t; ∆t is the length of the period of time considered
(typically 1 h). Yij is the value of the admittance that relates nodes i and j, which have voltages vi,t and
vj,t at each period of time t. δi,t (δj,t) is the angle of the voltage at node i (j) in the interval of time t,
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and θij is the angle of the admittance between nodes i and j. Please note that N and T are the sets that
contains all the nodes in the grid and the total of periods of time of the operation horizon.
Set of Constraints
The power balance equations in the AC power flow are related to the amount of active and




















δi,t − δj,t − θij
)
, (2b)
where prsi,t and q
rs
i,t are the active and reactive power generation by renewable sources connected at
node i in the period of time t; pbi,t and q
b
i,t are the active and reactive power capabilities in batteries
and pdi,t and q
d
i,t represent the active and reactive power demands, respectively. Please note that in the
literature it is recommended that batteries can operate with unity power factor which implies that
qbi,t = 0 [14,37].
Constraints related with batteries are listed below:
SoCbi,t+1 = SoC
b














SoCbi,t f = SoC
b,final
i , (3e)
where SoCbi,t is the state-of-charge of the battery b connected at node i in the period of time t, which is
bounded by SoCb,mini and SoC
b,max
i ; note that the state-of-charge can be interpreted as the quantity of
energy stored in the battery in percentage. ϕbi is the charging/discharging coefficient of the battery b.
pb,mini and p
b,max
i represent the minimum and maximum power allowable draws/injections at node i
for secure operation of the battery at each period of time. SoCb,initiali and SoC
b,final
i represent the initial
and final state-of-charges defined by the utility to operate the battery, i.e., the initial condition of the
economic dispatch problem at t0 and the final operative consign at the end of the operation period t f .
The complete interpretation of the mathematical models (1)–(3) is as follows: Expression (1a)
determines the value of the objective function regarding greenhouse gas emissions to the atmosphere
by diesel generation. Equation (1b) defines the total energy losses in all the conductors of the network
during the operation horizon (i.e., typically 24 h). Expressions (2a) and (2b) define the power balance
constraints regarding active and reactive components of the power at each node. Equation (3a)
calculates future the state-of-charge in the battery for each period of time as function of the current
charge and the power injection/absorption to/from the grid. Expressions (3b) and (3c) determine
the maximum and minimum values allowed to the state-of-charge (energy stored) in the battery as
well as its maximum power injection (discharging state) or absorption (charging state), respectively.
Finally, Equations (3d) and (3e) determine the initial state-of-charge of the battery and the final
operative consign defined by the utility. These are defined as function of the operational requirements
of the network. Nevertheless, in specialized literature it is recommended for Ion-Lithium batteries to
start and end the day with 50% of state of charge [14].
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Remark 1. The mathematical model for the optimal operation of AC networks with renewables and batteries
defined from (1) to (3) is non-linear and non-convex due to the power balance constraints which makes difficult
to reach the global optimum [8]. For this reason, here we recurred to the GAMS optimization software to solve
this problem to make our results comparable to those obtained from the mathematical model regarding DC grids
reported in next subsection.
Remark 2. The studied optimization model (1)–(3) corresponds to a single-phase representation of AC
distribution network that can be used if: (i) the AC network is indeed a single-phase network which is the most
typical scenario in low-voltage distribution environments, or (ii) it is a three-phase balanced distribution network
that can be represented through a single-phase equivalent model [7].
2.2. Optimal Power Flow Model in DC Grids
The mathematical formulation of the optimal power flow problem for DC networks can be
obtained directly from the AC formulation by simplifying the objective function regarding energy
losses minimization. Also, power balance constraints can be simplified as follows:
X The angle of the voltage do not exist (δi,t = δj,t = 0) in DC networks since no frequency concept
is present in these networks.
X The reactive power constraint disappears in the DC paradigm, since it is a concept regarding
inductors and capacitors in AC grids, and in DC grids they behave as short- and open-circuits,
respectively.
X The admittance matrix in DC grids is only defined by real numbers (θij = 0) regarding only with
resistive effects in branches and loads, i.e., Yij = Gij.
With these assumptions, the objective function of the DC optimal power flow and the power
balance constraint takes the following forms:
Objective Function Regarding Energy Losses













i,t − pdi,t = vi,t ∑
j∈N
Gijvj,t, (5)
Remark 3. The complete mathematical model of the optimal power flow problem in DC grids is composed by
the greenhouse gas emission objective function (1a), the objective function regarding energy losses minimization
defined by (4), the power balance constraint (5) and the remainder of constraints defined in (3).
It is worthy to mention that the model of the optimal power flow in DC grids is also non-linear and
non-convex due to the product between voltage variables in the power balance constraint, which makes
necessary to use specialized software (i.e., GAMS) to solve it efficiently [16].
3. Solution Methodology
To solve the optimal power flow problems in AC and DC grids in this paper it is selected the
GAMS software to implement their mathematical structures with a non-linear programming (NLP)
solver that typically works with interior point methods to reach the optimal solution [36,38].
GAMS software has been largely used in specialized literature to address non-linear non-convex
optimization problems in many areas of engineering, some of these works are: optimal planning and
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operation of power systems with batteries in AC and DC networks [36,37,39,40]; optimal location of
distributed generators [13,22,41,42]; optimal design of osmotic power plants [43]; optimal design
of water distribution networks [44]; stability analysis in DC networks [45]; optimal design of
thermoacoustic engines [46]; optimal location of protective devices [47], and optimal planning of
distribution networks [30], among others.
In general terms, GAMS software is a powerful optimization package that solves complex
optimization problems focused on the mathematical formulation of the problem rather than the
solution methodology [38]. This represents an ideal situation to introduce students and researchers with
mathematical optimization [36]. The main characteristics of the GAMS software can be summarized
as follows:
X It works with a compact model, i.e., by using the symbolic representation of the problem such as
reported in model (1)–(3).
X The parametric information of the mathematical model is introduced via constants, vectors and
matrices, which are named in GAMS as scalars, parameters and tables.
X Multiple optimization models can be selected depending on the nature of the problem under study.
These models can be linear programming, non-linear programming, or mixed-integer combinations.
A numerical example is presented to understand the use of GAMS software to solve optimization
problems with non-linear and non-convex structure. To do so, below it is presented the solution of the
power flow problem for a small test feeder that can be operated with AC or DC technology. In the
case of the AC technology, it is important to mention that this grid corresponds to a low-voltage
distribution network with a single-phase structure, which is the most typical operation case in
low-voltage applications [48]. The configuration of this test feeder is presented in Figure 1. This test
feeder is composed by six nodes and five distribution lines (radial topology). The information of the
branches and loads is reported in Table 1. Please note that to make both configurations comparable,
we assume unity power factor in all the loads. In addition, this system operates with 240 V typically








Figure 1. Electrical configuration for the 6-nodes test system used in the GAMS example.
Table 1. Branches and load information.
Node i Node j Rij (Ω) Xij (Ω) Pj (kW)
1 2 0.01233 0.01827 16
2 3 0.02467 0.03051 11
3 4 0.01469 0.02545 15
3 5 0.02984 0.03084 10
5 6 0.01325 0.01922 8
Please note that this example is a typical low-voltage distribution network where distribution
transformers have nominal power of 75 kVA. The implementation of the optimal power flow problem
for this test system considers:
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X A unique hour of analysis.
X Operation with unity power factor in all the loads.
X No presence of distributed generators or batteries.
The simplified mathematical model for the optimal power flow in AC grids is presented below:
























δi − δj − θij
)
. (6c)
The implementation of the simplified mathematical model (6) for the optimal power flow analysis
in AC grids is presented in Listing 1.
In the case of the DC model the set of equations reported in (6) can be simplified as presented in
Equation (7)







i = vi ∑
j∈N
Gijvj, (7b)
The implementation of this simplified mathematical model (6) for the optimal power flow analysis
in DC grids is presented in Listing 2.
Once both models (i.e., Equations (6) and (7)) are solved using the CONOPT solver in GAMS by
using algorithms presented in Listings 1 and 2, we reach the solution of the voltage profiles reported
in Table 2. Please note that for both cases the lowest voltage occurs at node 6 being 207.86 V for the
AC grid and 208.24 V for the DC network. These results imply a difference of about 0.38 V between
both networks.
Table 2. Voltage profile for the AC and DC grids.







Additionally, power losses in the AC grid are 2.40 kW, and 2.39 kW in the DC case (i.e., a difference
about 10 W). These results demonstrate that even considering unity power factor at all the loads,
the distribution using DC technology is more efficient than the AC counterpart. The voltage drop in
lines is lower due to the irrelevance of inductive reactance of the lines.
An important fact when comparing AC and DC configurations is the amount of reactive power
required by the AC grid to operate adequately. In this sense, in this small example the grid needs
to generate about 3.21 kVAr, which corresponds to reactive power losses through all the lines.
This obviously does not occurs in the DC paradigm since reactive effect is not presented as previously
mentioned. An additional simulation case in this small test feeder is made in the case of the AC
distribution network by considering that all the loads are operated with a lagging power factor of 0.95.
In these conditions, the total grid losses exhibit by this network are about 2.77 kW and the minimum
voltage profile is about 221.04 V at node 6. These results imply that in comparison to the unity power
factor operation case, the reactive power consumption at all the loads makes that the power losses to
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be increased about 0.37 kW, requiring at the substation node 23.40 kVAr to supply the reactive power
requirements at all the loads; and that the voltage at the node has worsened about 5.76 V. Please note
that when reactive power is considered for loads in the AC grid, its behavior affects and worsens
the results of the comparison with respect to the unity Please note that these results are particularly
important when voltage increase to medium level, since these differences become in tens of volts and
hundreds of watts. In Section 6 these impacts will be widely discussed under an economic dispatch
environment in the 33-node test feeder taking into account higher penetration of renewables and
battery energy storage systems.
Listing 1. Algorithm implemented in GAMS for OPF model (6).
1 SETS
2 i set of nodes /N1*N6/
3 g set of generators /G1/
4 map(g,i) Associates node with gen /G1.N1/;
5 alias(i,j);
6 SCALARS
7 vmax Maximum voltage bound /1.10/
8 vmin Minimum voltage bound /0.90/
9 v0 Slack voltage /1.00/
10 d0 Slack angle /0.00/;
11 PARAMETER Pd(i)
12 /N1 0,N2 0.16,N3 0.11,N4 0.15,N5 0.10,N6 0.08/;
13 TABLE Ybus(i,j,*)
14 Yij Thij
15 N1.N1 21.9587119756815 -0.977131269610956
16 N2.N1 21.9587119756815 2.164461383978837
17 N1.N2 21.9587119756815 2.164461383978837
18 N2.N2 34.2649004085076 -0.946099794913962
19 N3.N2 12.3355889037129 2.250751567181446
20 N2.N3 12.3355889037129 2.250751567181446
21 N3.N3 39.8699085005043 -0.930090535155209
22 N4.N3 16.4707942748332 2.094290056213377
23 N5.N3 11.2786162705081 2.339716087328560
24 N3.N4 16.4707942748332 2.094290056213377
25 N4.N4 16.4707942748332 -1.047302597376417
26 N3.N5 11.2786162705081 2.339716087328560
27 N5.N5 31.9116612264763 -0.909021422256346
28 N6.N5 20.7328356619391 2.174363262762511
29 N5.N6 20.7328356619391 2.174363262762511
30 N6.N6 20.7328356619391 -0.967229390827282;
31 VARIABLES
32 ploss Power losses variable
33 v(i) Magnitude of the voltage at node i.
34 d(i) Angle of the voltage at node i.
35 p(g) Active power generation at node i.
36 q(g) Reactive power generation at node i.;
37 v.lo(i) = vmin; v.up(i) = vmax;
38 d.fx(’N1’) = d0;
39 v.fx(’N1’) = v0;
40 EQUATIONS
41 ObjFun Objective function
42 PowerA(i) Active power balance per node.
43 PowerR(i) Reactive power balance per node.;
44 * Mathematical structure
45 ObjFun .. ploss =E= SUM(i,v(i)*SUM(j,v(j)*Ybus(i,j,’Yij’)*
46 cos(d(i)-d(j)-Ybus(i,j,’Thij’))));
47 PowerA(i).. sum(g$map(g,i),p(g)) - Pd(i)=E= v(i)*SUM(j,v(j)*
48 Ybus(i,j,’Yij’)*cos(d(i)-d(j)-Ybus(i,j,’Thij’)));
49 PowerR(i).. sum(g$map(g,i),q(g)) =E= v(i)*SUM(j,v(j)*
50 Ybus(i,j,’Yij’)*sin(d(i)-d(j)-Ybus(i,j,’Thij’)));
51 MODEL OPF /ALL/;
52 OPTIONS decimals = 4;
53 SOLVE OPF us NLP min ploss;
54 DISPLAY ploss.l, v.l, p.l;
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Listing 2. Algorithm implemented in GAMS for the OPF model (7).
1 SETS
2 i set of nodes /N1*N6/
3 g set of generators /G1/
4 map(g,i) Associates node with gen /G1.N1/;
5 alias(i,j);
6 SCALARS
7 vmax Maximum voltage bound /1.10/
8 vmin Minimum voltage bound /0.90/
9 v0 Slack voltage /1.00/;
10 PARAMETER Pd(i)




















31 ploss Power losses variable
32 v(i) Magnitude of the voltage at node i.
33 p(g) Active power generation at node i.;
34 v.lo(i) = vmin; v.up(i) = vmax;
35 v.fx(’N1’) = v0;
36 EQUATIONS
37 ObjFun Objective function
38 PowerA(i) Active power balance per node.;
39 * Mathematical structure
40 ObjFun .. ploss =E= SUM(i,v(i)*SUM(j,v(j)*Ybus(i,j,’Gij’)));
41 PowerA(i).. sum(g$map(g,i),p(g)) - Pd(i) =E= v(i)*SUM(j,v(j)*Ybus(i,j,’Gij’));
42 MODEL OPF /ALL/;
43 OPTIONS decimals = 4;
44 SOLVE OPF us NLP min ploss;
45 DISPLAY ploss.l, v.l, p.l;
It is worth mentioning that as described in Section 5, the comparisons made in this research
regarding the efficiency comparison between AC and DC paradigms are focused on the distribution
stage, which implies that we will not consider power losses in the power electronic interfaces used for
interfacing renewable sources and battery energy storage systems. Nevertheless, these will be able
to be explored in future research regarding energy distribution technologies and power electronic
interfaces for batteries and renewables.
Remark 4. Regarding optimal implementation in GAMS environment of the OPF problem for AC and DC
grids depicted in Listings 1 and 2, we can observe that the DC model is pretty simple with less variables
(no angles), which makes this easiest to be solved since its nonlinearities are soft when compared to the AC model
that contains trigonometric functions.
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4. Generation Reactive Power in DC Grids with Voltage Source Converter Interfaces
To provide apparent power to three-phase loads in medium- and low-voltage levels using DC
distribution feeders, it is required a power electronic interface, i.e., voltage source converter (VSC)
(A voltage source converter interface corresponds to a power electronic converter that is fed by a DC
source that provides the required active power in the AC side, which is managed by controlling the
switches (on or off) states via pulse-width modulation techniques to provide a sinusoidal voltage
signal to AC loads [3,32]) that manages the active power interchange between the DC grid and the load
at the same time that the reactive power is correctly provided to this load by the converter. In Figure 2
it is depicted the interconnection of a three-phase load to a DC distribution network with a voltage
















Figure 2. Interconnection of three-phase loads to DC distribution networks via VSCs.
Remark 5. The VSC interface is a power electronic device that can provide active and reactive power to AC
loads when at the DC side it is interconnected a constant voltage source (inversion mode of operation), as the case
of the DC distribution paradigm [32]; however, the same device can also be employed to transform AC energy
into DC energy when is operated in the conversion mode, as the case of high-voltage direct power transmission
systems [33], i.e., the case of DC distribution is used to interface the conventional AC grid to the DC working as
the main transformer [49,50].
To demonstrate that it is possible to manage the active and reactive power consumption in the
three-phase load we consider the following facts:
X The voltage provided by the DC distribution networks is constant, i.e., the dynamics of the
capacitor in the DC side can be neglected, which implies that the dynamical model of the interface
presented in Figure 2 can be considered linear.
X The current absorbed by the three-phase load (i.e., jabc) is measurable and controllable to
guaranteeing constant power absorption.
X All the state variables (i.e., iabc and vabc) in Figure 2 are measurable and all the parameters of the
RLC filter are perfectly known.
Please note that the control objective in the power electronic interface presented in Figure 2 is to
maintain the voltage across the capacitor C f with purely sinusoidal form as presented below:
v?a =
√


















where Vrms is the root-mean-square value of the voltage in the point of load connection, ω is the
angular frequency of the three-phase voltage which is defined as 2π f , being f the electrical frequency
en hertz.
Since the desired voltages are three sinusoidal signals defined with positive sequence, then,
the control design for the VSC presented in Figure 2 can be designed using the Park’s reference frame
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as demonstrated in [32]. The complete dynamical model of the three-phase VSC to support active

















vq = iq + ωC f vd − jq, (9d)
where md and mq are the modulation indexes in the dq−reference frame; idq and jdq are the current
that flow in the inductor of the filter and the current absorbed by the three-phase load, vdq are the dq
components of the voltage across the capacitor C f .
The main characteristic of the dynamical model (9) is that it corresponds to a Hamiltonian
system which can be easily controllable via passivity-based control theory as presented in [32].
The Hamiltonian model of (9) takes the following form:
Dẋ = [J −R] x + gu + ζ, (10)
where D is known as the inertia matrix based on its similarities with mechanical systems,
J corresponds to the interconnection matrix which is skew-symmetric,R is the damping matrix which
is positive semidefinite, g is the control input matrix, and z is a vector that contains external inputs.
Please note that x is the vector of state variables and u is a vector with control inputs, respectively.
Each of the aforementioned parameters and variables can be easily defined by comparing (9) and (10).
Remark 6. The dynamical system (10) can be asymptotically stabilized by using an incremental representation
as presented in [32] with a proportional-integral strategy over the passive output ỹ as follows:




where Kp and Ki are defined as diagonal positive definite matrices and ỹ is gT x̃. In addition, the complete control
is defined from the incremental model as u = ũ + u?, where u? is obtained by evaluating the equilibrium point
x? in (10).
To show that the power electronic interface presented in Figure 2 is able to control active
and reactive power in a three-phase load, let us consider the following parameters: f = 50 Hz,
L f = 1.25 mH, R f = 0.20 Ω, C f = 45 µF, Vrms = 100 V and vdc = 311 V. The three-phase load is
modeled as a combination between a resistance of 2 Ω and an inductance of 7.958 mH connected in
parallel. During the period of time between 0 s and 150 ms only the resistive load is connected, then,
when time simulation is greater than 150 ms, the inductive load is also connected. It is important to
mention that these parameters imply an equivalent active power consumption of about 5 kW added
with 4 kVAr at each phase.
In Figure 3 the voltage and current profile provided to the a-phase by the VSC interface to the
three-phase load are presented.
Please note that the behavior of the a−phase current depicted in Figure 3 demonstrates that if
the voltage profile is supported at the load terminals via passivity-based control as defined in (11),
then, the active and reactive power required by the load is guaranteed. This implies that the power
electronic interface presented in Figure 2 can be used to interface three-phase loads to DC distribution
networks with local reactive power support (i.e., unity power factor operation). The main advantage
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of this interface is that the reactive power is provided locally to the load and no power losses are
observed by the DC grid caused by reactive currents, which clearly shows that DC grids are more
efficient than AC grids when loads have power factors lower than unity, as it will be presented in
section of Results.
































Figure 3. Behavior of the voltage and current in the a-phase of the three-phase load.
5. Test System
The comparison of the AC and DC technologies for energy distribution in medium-voltage
levels is made by using the 33-nodes test feeder reported in [7]. This test feeder is designed to be
operated at 12.66 kV with the connections depicted in Figure 4. The information regarding branches
and loads for this test feeder are reported in Table 3. Please note that this test feeder corresponds
to a three-phase distribution network typically used to study the problem of the optimal location of
distributed generators in power distribution networks as reported in [51].
To evaluate the effect of the renewable generation in the daily operation of this test feeder,
we consider four renewable generators previously located in this test system with the information
reported in Table 4.
The connection of the generators for each test system is described as follows: at the node 13 it is
connected the photovoltaic generator PV1 and the wind turbine WT1 with nominal rates of 450 kW
and 825 kW, respectively. At the node 25, it is connected a second PV2 with a nominal power rate
of 1500 kW while at the node 30 it is connected the second wind generator WT2 with the nominal
capability of 1200 kW. The information regarding battery energy storage systems considered in this
test feeder is reported in Table 5. We assume that the utility has located three batteries, which are
distributed as follows: at node 6, a C-type battery is located; at node 14 an A-type battery is used,













26 27 28 29 30 31 32 33
Figure 4. Electrical configuration for the 33-nodes test system.
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Table 3. Parameters of the 33-nodes test feeder.
Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kW) Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kW)
1 2 0.0922 0.0477 100 60 17 18 0.7320 0.5740 90 40
2 3 0.4930 0.2511 90 40 2 19 0.1640 0.1565 90 40
3 4 0.3660 0.1864 120 80 19 20 1.5042 1.3554 90 40
4 5 0.3811 0.1941 60 30 20 21 0.4095 0.4784 90 40
5 6 0.8190 0.7070 60 20 21 22 0.7089 0.9373 90 40
6 7 0.1872 0.6188 200 100 3 23 0.4512 0.3083 90 50
7 8 1.7114 1.2351 200 100 23 24 0.8980 0.7091 420 200
8 9 1.0300 0.7400 60 20 24 25 0.8960 0.7011 420 200
9 10 1.0400 0.7400 60 20 6 26 0.2030 0.1034 60 25
10 11 0.1966 0.0650 45 30 26 27 0.2842 0.1447 60 25
11 12 0.3744 0.1238 60 35 27 28 1.0590 0.9337 60 20
12 13 1.4680 1.1550 60 35 28 29 0.8042 0.7006 120 70
13 14 0.5416 0.7129 120 80 29 30 0.5075 0.2585 200 600
14 15 0.5910 0.5260 60 10 30 31 0.9744 0.9630 150 70
15 16 0.7463 0.5450 60 20 31 32 0.3105 0.3619 210 100
16 17 1.2890 1.7210 60 20 32 33 0.3410 0.5302 60 40
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Table 4. Renewable energy behavior during a typical sunny day.
Time (s) PV1 (p.u) PV2 (p.u) WT1 (p.u) WT2 (p.u) Time (s) PV1 (p.u) PV2 (p.u) WT1 (p.u) WT2 (p.u)
0.0 0 0 0.633118295 0.489955551 12.0 0.924486326 0.975683083 0.972218577 0.942224932
0.5 0 0 0.629764678 0.467954207 12.5 1 1 0.980049847 0.949956724
1.0 0 0 0.607259323 0.449443905 13.0 0.982041153 0.978264398 0.981135531 0.963773634
1.5 0 0 0.609254545 0.435019277 13.5 0.913674689 0.790055240 0.988644844 0.974977461
2.0 0 0 0.605557422 0.437220792 14.0 0.829407079 0.882557147 0.991393173 0.986750539
2.5 0 0 0.630055346 0.437621534 14.5 0.691912077 0.603658738 0.998815517 0.995058133
3.0 0 0 0.684246423 0.450949300 15.0 0.733063295 0.606324907 1 1
3.5 0 0 0.758357805 0.453259348 15.5 0.598435064 0.357393267 0.996070963 0.998107341
4.0 0 0 0.783719339 0.469610539 16.0 0.501133849 0.328035635 0.987258076 0.997690423
4.5 0 0 0.815243582 0.480546213 16.5 0.299821403 0.142423488 0.976519817 0.993076899
5.0 0 0 0.790557706 0.501783479 17.0 0.177117518 0.142023463 0.929542167 0.982629597
5.5 0 0 0.738679217 0.527600299 17.5 0.062736095 0.072956701 0.876413965 0.972084487
6.0 0 0 0.744958950 0.586555316 18.0 0 0.019081590 0.791155379 0.930225756
6.5 0 0 0.718989730 0.652552760 18.5 0 0.008339287 0.691292162 0.891253999
7.0 0.039123365 0.026135642 0.769603567 0.697699990 19.0 0.000333920 0 0.708839248 0.781950905
7.5 0.045414292 0.051715061 0.822376817 0.774442755 19.5 0 0 0.724074349 0.660094138
8.0 0.065587179 0.110148398 0.826492212 0.820205405 20.0 0 0 0.712881960 0.682715246
8.5 0.132615282 0.263094042 0.848620129 0.871057775 20.5 0 0 0.733954043 0.686617947
9.0 0.236870796 0.431175761 0.876523598 0.876973635 21.0 0 0 0.719897641 0.681865563
9.5 0.410356256 0.594273035 0.904128455 0.877065236 21.5 0 0 0.705502389 0.717315757
10.0 0.455017818 0.730402039 0.931213527 0.897955131 22.0 0 0 0.703007456 0.718080346
10.5 0.542364455 0.830347309 0.955557477 0.903245007 22.5 0 0 0.686551618 0.726890145
11.0 0.726440265 0.875407050 0.965504834 0.916903429 23.0 0 0 0.687238555 0.734452193
11.5 0.885104984 0.898815348 0.971037333 0.924757605 23.5 0 0 0.682569771 0.739699146
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It is worth mentioning that each one of the renewable source or battery energy storage system
corresponds to a DC sub-network interfaced with a power electronic converter that manages the power
transferred(absorbed)/to(from) the distribution network regardless whether this is operated under
AC or DC paradigm [3].
Table 5. Battery types.
Type Nominal Energy (kWh) Charge/Dis. Time (h) Nominal Power (kW)
A 1000 4 250
B 1500 4 375
C 2000 5 400
To evaluate the daily variation of the active and reactive power consumption and emulating the
hourly price behavior, we consider the load and cost curves reported in Figure 5. Furthermore, as the
peak of the electricity, we assume the information reported by CODENSA utility from Colombia in
May 2019, which is COP$/kWh 479.3389.


























Figure 5. Typical behavior of load consumption and electricity spot market cost.
The numerical information about the demand and cost curves presented in Figure 5 can be
consulted in [7].
6. Numerical Results and Discussion
In this section, all the numerical results reached by GAMS after implementing the OPF models for
AC and DC networks are described. To make a fair comparison between both distribution technologies
the following simulation scenarios are proposed:
X S1: It is considered that the 33-nodes test feeder operates with unity power factor, i.e., all the
reactive power consumptions reported in Table 3 are considered zero in this scenario.
X S2: The complete information of the 33-nodes test feeder is considered to evaluate the effect of
the reactive power demand in the operation of classical AC networks.
It is important to mention that as recommended in [14] all the batteries start and end the day with
50% of state-of-charge and during the day (for Ion-Lithium batteries) this variable can be moved from
10% to 90%.
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6.1. Operation of the AC Network
In the operation of this grid, we consider three objective functions as follows: Case 1: minimization
of the energy losses during the operation horizon, Case 2: the minimization of the energy purchase
costs in the conventional generator (node 1) considering the cost curve reported in Figure 5, and Case
3: the minimization of the total CO2 gas emissions in the slack source considering that the 33-nodes
test feeder is a rural grid fed by a diesel generator. Here, we consider as reported in [13] that CO2
emission coefficient is 1300 lb/MWh.
Table 6 presents all the numerical results regarding the three objective functions for the S1.
Table 6. Simulation results in the 33-nodes test feeder operated with unity power factor.
Obj. Fun. Case 1 (kWh/day) Case 2 (MCOP$) Case 3 (lb/day)
Case 1 186.918 9.627 30,042.760
Case 2 449.949 4.152 13,731.976
Case 3 366.155 4.345 13,618.771
The results in the S1 reported in Table 6 allows to observe that:
X The minimization of the energy losses during the day (186.918 kWh/day) implies high costs
regarding energy purchase at the slack node (MCOP$9.627). This is a logical result since in
this case, the main idea is to define the optimal power injection in renewables (and batteries)
and conventional sources to minimize the magnitude of the current flowing through the lines.
The energy losses is a function of the square values of the current. Since the objective function
is associated with lines the optimization model does not take into account the origin of the
energy, which implies that the algorithm chooses whether to purchase energy in the spot
market to optimize the objective function regarding energy losses without taking into account its
acquisition costs.
X The second case shows that the minimization of the energy purchase costs in the slack
node (MCOP$4.152) is directly related to the minimization of the total gas emissions of CO2
(13731.976 lb/day) since both are involved with the amount of power injected at this node.
Nevertheless, this situation produces the highest energy losses during the operation horizon
(449.949 kWh/day). This is explained by the objective function selected since in this case, the goal
is to minimize the energy production on the slack node regardless the final magnitude of the
current flow through the lines, that accordingly increases the energy losses in the whole system.
X The third case shows that effectively the energy costs and the amount of CO2 emissions are
correlated objective functions, since minimum values of one of them produces minimum values
in the other one with minimal variations; however, this objective function allows reaching a better
performance regarding energy losses with 366.155 kWh/day, being an attractive solution since
allows to reduce polluting emission gases with low energy purchase costs (MCOP$4.345) and
acceptable daily energy losses.
In Table 7 the numerical results for the S2, i.e., the operation of the 33-nodes test feeder considering
active and reactive power consumptions are presented. In general, numerical results presents the
same behavior reported in the analysis of the S1. Nevertheless, we can notice that energy losses
are drastically affected by the presence of the reactive power consumptions inside of the network.
Note that in the first case, energy losses have been incremented at least 5 times in comparison to the
unity power factor case. In addition, regarding the minimization of the energy purchase costs in the
spot market and the greenhouse gas emissions, the increments are about 1.04 times for both cases,
which allows concluding that reactive power practically does not produce effects in those objectives
when compared to the operation with unitary power factor.
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Table 7. Simulation results in the 33-nodes test feeder operated with active and reactive power loads.
Obj. Fun. Case 1 (kWh/day) Case 2 (MCOP$) Case 3 (lb/day)
Case 1 948.979 9.774 30,501.450
Case 2 1219.420 4.347 14,329.381
Case 3 1134.773 4.535 14,215.115
6.2. Operation of the DC Network
To evaluate the performance of the 33-nodes test feeder, it was considered that the system can
be represented by a DC equivalent as defined in the S1. In this sense, the reactive power loads
and reactance of this model are removed. The implementation of optimal power flow for this DC
medium-voltage distribution network is reported in Table 8.
Table 8. Simulation results in the 33-nodes test feeder operated with DC technology.
Obj. Fun. Case 1 (kWh/day) Case 2 (MCOP$) Case 3 (lb/day)
Case 1 186.898 9.627 30,041.788
Case 2 449.365 4.152 13,731.910
Case 3 365.504 4.345 13,618.717
From the results reported in Table 8 we can note that:
X The behavior of the DC equivalent of the 33-node test feeder (see Table 8) is identical to the
behavior of this system when unity power factor is assigned at all the loads as can be seen
in Table 6. These results imply that when the AC grid is used to support only active power
consumption (residential applications), its electrical efficiency is 100% comparable to the emerging
DC distribution networks.
X The only difference between AC and DC distribution considering purely active power
consumptions correspond to the need of generating small reactive power quantities in the slack
source to support the reactive power losses throughout all the lines. In this context, when the
33-nodes test feeder is operated with unity power factor and considering the minimization of
the total energy purchasing costs, the amount of reactive energy generated during the day is
about 332.022 kVAr/day, which needs to be provided by the slack source; while in the DC
distribution case this reactive power is inexistent; which can be considered and advantage of the
DC technology when compared with the AC counterpart.
6.3. Efficiency Comparison for Different Power Factors
To demonstrate that the DC distribution network is an attractive alternative to provide electrical
service to industrial users connected at medium-voltage levels, let us compare the efficiency of this
technology with conventional AC grids for different percentages of reactive power consumptions.
Remark 7. Recall that DC distribution networks are able to provide active and reactive power support to AC
loads by using a voltage source converter (VSC) that interfaces the DC grid to the AC load as can be demonstrated
in [32], where an isolated (i.e., rural) AC grid receives voltage and power support by interconnecting linear and
non-linear loads to DC distribution grids via a VSC.
In Figure 6 it is presented the amount of energy losses (objective function minimize) in the AC
grid when the reactive power load changes from 0 to 120% of the peak value reported in Table 3;
in addition, the total energy losses are also presented in the DC equivalent network, assuming that the
energy losses at all the VSCs are about 10% of the total energy losses of the network. Please note that in
the case of the DC grid the reactive power is provided directly at the load side, which implies that this
power is provided by the power electronic interface as explained in Section 4. For this reason, the active
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power losses for DC grids remains constant for different percentage of reactive power demands at the
load side, since no currents are associated with this power flow in DC distribution lines.
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Figure 6. Amount of daily energy losses for different penetrations of reactive power consumptions at
the load side.
The information regarding daily energy losses in the AC and DC equivalent networks make
evident that the efficiency of the AC grid is deteriorated rapidly as a function of the amount of
reactive power consumption at all the loads due to the exponential increment of the total energy
losses. Nevertheless, in the case of the DC network the efficiency is always constant regardless the
reactive power consumption. This is explained by the fact that the VSCs that interface the AC loads
are able to locally generate reactive power, which implies that the DC distribution makes the node
can sense their effects in its lines. Please note that when the loads in the 33-nodes test feeders are
100% reactive power consumption, the AC grid has 948.979 kWh/day of energy losses, while in the
case of the DC equivalent these losses are about 205.588 kWh/day. These results imply that the AC
grid has at least 4.6 times more energy losses than the DC equivalent, which confirms that the DC
technology is a promissory alternative to provide the electricity service at medium- and low-voltage
distribution levels with higher efficiency levels regarding energy losses, compared at the distribution
stage, i.e., involving energy losses in conductors used in the electricity distribution. It is important
to mention that this high relation (i.e., 4.6 times for the 33-nodes test feeder) is largely influenced
by the relation between active and reactive power demand in the distribution network under study.
This implies that this data can be considered to be an indicator, but more studies regarding energy
efficiency at all the electronic interfaces (renewable generators, energy storage devices and controllable
loads) are needed to determine the overall energy efficiency at distribution levels.
6.4. Effect of Renewable Energy Variations in the Economic Dispatch
In this subsection it is explored the possible operation scenario where renewable energy has
important variations regarding weather conditions such as cloudy and rainy days, including very
low-speed winds. In this case, we consider as objective function the total energy losses minimization
during daily operation, i.e., the Case 1. To consider all the possible operation scenarios in a real
network, we consider that the amount of renewable energy varies from 0% to 100% in steps of 20%.
In addition, we consider that all the loads in the 33-nodes test feeder operate under normal conditions,
i.e., 100% of active and reactive power consumption.
Table 9 presents the behavior of the AC and DC distribution networks when there are higher
variations in renewable energy production.
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Table 9. Daily energy losses as a function of the renewable energy variations.
Penetration (%) AC Network (kWh/day) DC Network (kWh/day) Diff. (kWh/day) Relation AC/DC
0 2355.704 1639.291 716.4130 1.4370
20 1705.694 969.892 735.8020 1.7586
40 1271.238 524.844 746.3940 2.4221
60 1039.554 291.767 747.7870 3.5630
80 963.319 218.631 744.6880 4.4061
100 948.979 205.588 743.3910 4.6159
From results reported in Table 9 we can observe that: (i) the difference regarding daily
energy losses between AC and DC grids remains practically constant with an average value of
739.0792 kWh/day. This implies that at all the possible renewable energy penetration scenarios the DC
grid has better behavior in terms of grid energy losses, which can be explained by the possibility to
provide local reactive power with the VSC interface. This latter is not the case of the AC grid where the
reactive energy flows from the substation to the loads; (ii) the division between the DC and AC energy
losses presented in the last column of Table 9 shows that the efficiency of the DC grid in comparison
to the AC case increases as a function of the renewable energy penetration in the grid; this behavior
is mainly associated with the important reductions in the power flow through the lines caused by
local injections of active power by renewable sources; and (iii) the total energy reduction in the AC
grid when renewable energy penetration passes from 0 % to 100% is about 59.72%, while in the case
of the DC network this reduction is about 84.46%, which entails that the same level of renewable
energy penetration provides more positive impacts in a distribution network designed under the DC
paradigm in contrast with the conventional AC grids.
7. Conclusions and Future Works
A comparative study regarding energy efficiency in AC and DC electrical networks for power
distribution from the point of view of optimal power flow analysis was presented in this paper.
This study allowed to confirm that AC and DC technologies have identical performances in residential
applications, i.e., unity power factor, since the amount of energy losses, greenhouse gas emissions of
CO2 or energy purchase costs are practically the same for both technologies. Nevertheless, in the case
of high penetration of reactive power consumptions in AC networks (mainly in industrial applications),
it was demonstrated that the performance of the AC grid is rapidly deteriorated compared with the
DC equivalent, due to the need to transport this reactive power from the substation towards the loads.
This increases the magnitude of the current through the lines, being translated into higher energy
losses during the operation horizon. This situation does not happen in the case of the DC grids where
reactive power is directly provided by the VSCs that interfaces all the AC loads, which implies that the
efficiency of the DC distribution system remains constant regardless the reactive power requirements
of the load.
To solve the optimal power flow models regarding the daily operation of AC and DC grids,
we have introduced the GAMS software to efficiently solves both models with low computation effort,
i.e., processing times about 5 s in all the simulation cases and scenarios. This low-computational time
is important since multiple simulation cases can be analyzed before taking the final decision in regards
with the day-ahead economic dispatch environment, which makes the GAMS software an attractive
alternative for tertiary control in distribution networks. In addition, the GAMS package is a proper
tool to solve complex optimization problems by focusing the attention on correctly developing the
optimization models rather than the solution technique. This represents an ideal framework to easily
introduce engineers and researchers in mathematical optimization; for this reason, this paper has been
addressed in a tutorial form.
As future work it will be possible to analyze the following problems: (i) propose convex
reformulations for optimal power flow analyses in AC and DC networks that will ensure reaching the
global optimum of the problem under well-defined operative conditions, which are very attractive
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for real economic dispatch applications, (ii) make a comparative study between AC and DC grids
considering transient operation scenarios such as suddenly load disconnections or short-circuit cases,
which can be used in protective devices coordination studies for these grids, and extend the economic
dispatch optimization model to three-phase distribution networks and bipolar DC configurations
operated under unbalanced loads scenarios to analyze their efficiency in terms of power losses and
voltage profiles.
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